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ABSTRACT: We present the calculation of the dominant next to leading order QCD correc-
tions to Higgs boson production in association with three jets via vector boson fusion in
the form of a NLO parton-level Monte Carlo program. QCD corrections to integrated cross
sections are modest, while the shapes of some kinematical distributions change appreciably
at NLO. Scale uncertainties are shown to be reduced at NLO for the total cross section
and for distributions. We consider a central jet veto at the LHC and analyze the veto
probability for typical vector boson fusion cuts. Scale uncertainties of the veto probability
are sufficiently small at NLO for precise Higgs coupling measurements at the LHC.
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1. Introduction

One of the primary goals of the CERN Large Hadron Collider (LHC) is the discovery of the
Higgs boson and a thorough investigation of the mechanism of electroweak (EW) symmetry
breaking [, f]. In this context, vector-boson fusion (VBF) has emerged as a particularly
interesting class of processes. Higgs boson production in VBF, i.e. the EW reaction gqg —
qqH, where the Higgs decay products are detected in association with two tagging jets,
offers a promising discovery channel [J] and, once its existence has been verified, will help
to constrain the couplings of the Higgs boson to gauge bosons and fermions [4.

The observation of two forward tagging jets in Higgs production via VBF at the LHC
is crucial for the suppression of backgrounds [f~[L]]. In addition to forward jet tagging, the
veto of any additional jet activity in the central region (central jet veto) leads to further
suppression of QCD backgrounds such as WTW ™34 , ttjj, and gluon fusion Hjj produc-
tion [§, [(1]. This is due to the fact that the t-channel exchange of quarks or gluons tends to
radiate harder and more central gluons than in the VBF case. For VBF processes, jet activ-
ity in the central region is suppressed due to color singlet exchange in the ¢-channel. For the
central jet veto (CJV) proposal, events are discarded if any additional jet with a transverse
momentum above a minimal value, pr yeto, is found between the tagging jets [{, [9—[7.

In order to utilize the CJV for the measurement of Higgs couplings, the reduction
factor, Py, caused by the CJV on the observable signal cross section must be precisely
known. The relevant information is contained in the fraction of VBF Higgs events with at
least one additional veto jet between the two tagging jets, i.e. we need to know the ratio of
the 3-jet Higgs cross section, o;;;, to the inclusive cross section for VBF Higgs production
with two tagging jets, o;;. The survival probability for the Higgs signal is then given by
Psywy =1 —0jj;/0;5. Perturbative survival probabilities for the CJV have been calculated



for the Higgs boson signal and background processes using LO matrix elements [§, [[J].
The cross section for the VBF process pp — Hjjj is proportional to o, at LO, which leads
to substantial theoretical uncertainties (scale variations of 30% or more). Even though the
effect on the survival probability is mitigated by the smallness of ¢;;;/0;; (about 0.1 to 0.2
for veto thresholds pr yeto = 20 GeV), a more reliable prediction requires a calculation of
the NLO QCD corrections to the Hjjj cross section. We have performed this calculation
and report on the results in this paper. We do not consider additional reductions of the
survival probability due to underlying event and pile-up effects. An assessment of these
effects is best performed after first LHC data have become available.

A full NLO QCD calculation of the process pp — HjjjX involves virtual corrections
with hexagon diagrams and would be truly challenging. As we explain in section [}, all pen-
tagon and hexagon contributions are color suppressed by a factor 1/(N? — 1) in an SU(N)
gauge theory, and they are further suppressed by the kinematics of the VBF process. For
a prediction of the survival probability of the Higgs signal at the few percent level, com-
mensurate with the knowledge of the VBF cross section for Hjj production at NLO and
expected experimental accuracies at the LHC, these contributions are completely negligi-
ble. We therefore perform the calculation by systematically neglecting the gauge invariant
subsets of diagrams which involve t-channel gluon exchange and which lead to pentagons
and hexagons. Similarly, we neglect identical fermion effects for four-quark final states.
In section f we more explicitly specify and justify these approximations and we briefly
describe the calculation of the LO and NLO matrix elements for Hjjj production.

Section f] deals with phenomenological applications of the parton-level Monte Carlo
program which we have developed. We consider the Hjjj cross section at NLO after typical
VBF cuts and discuss the reduction of the scale dependence of relevant distributions. We
show that the scale dependence of Py, is reduced to about 1% by including the NLO
QCD corrections to the three jet cross section. Conclusions are given in section [. Explicit
formulas for the virtual corrections and for finite collinear terms from initial state radiation
in gluon initiated processes are collected in two appendices.

2. The NLO calculation and approximations

The cross section for the leading order process pp — Hjjj, via VBF, has been previously
calculated as the NLO real emission correction to Hjj production in refs. [I§—R0. The rel-
evant Feynman graphs are depicted in figure [ one needs to consider the O(a3ay) subpro-
cesses qQQ — qQgH and crossed subprocesses with vector boson exchange in the ¢t-channel.
We explicitly exclude s-channel weak boson exchange and thus set aside higgsstrahlung
processes, i.e. VHj production with subsequent decay V' — jj. In the following, hig-
gsstrahlung is viewed as a separate process and we also neglect any interference of VBF
and higgsstrahlung (in the case of identical fermion flavors) since these interference effects
are very small in the phase space region relevant for VBF observation at the LHC [P1], 9.

In order to clarify our notation and the approximations in our calculation, let us
start by considering the form of the Born amplitude for the ¢Q — ¢QgH subprocess. By
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Figure 1: Lowest-order Feynman graphs for pp — Hjjj via VBF.

M3(14,20, 34, aq,bg) we denote the matrix element for the parton level process

q(pa) + Q) — q(p1) + Q(p2) + g(p3) + H(P), (2.1)

shown in figure [ll. Two distinct color structures contribute to this Born matrix element
with three final state colored partons,

M3(1q,2q, 3¢, ag,bq) = A3(1q=3g=aq52Q=bQ)5i2ibt?13ia
+A3(2Q’ 39’ bQ? lg, aq)5i1iatq3

121y *

(2.2)

Focusing on the gluon emission, each of the amplitudes A3 can be viewed as a Compton
scattering amplitude for the process Q(k1) — Q(k2)g(q1)V (¢2), defined by

) _ VQ2Qi, T v K2 + o)
Mp(ks,q1,q2;€1,€2) = —e g/ > 1931/)(%2){7 4(]@4_(]2)27“ (2.3)
(K2+4.1)
22 Z o AVIPa(k v .
+ Uara)? ) Y(k1)eru(qr)ean(q2)
Here, —e gy @2Q1 ig the left- or righthanded coupling of the quarks to the weak boson, g

denotes the strong coupling constant, P, = %(1 + 74°%) is the chirality projector, and e;
and ey are the polarization vectors of the gluon and of the weak boson, respectively. The
role of the polarization vector for the weak boson is taken by a current, h*, which, for the
first two diagrams in figure [, is given by

W (pyTh, P272) = Oryr, (—€)grvy a1 Dy [p213] Dy [pia]t (p2) v Pry b (p) (2.4)

with pijx = pi — pj — pr and p;j = p; — p;, while Dy[¢?] = 1/[¢? — M?] is the weak boson
propagator, which, in our calculation, only occurs with space-like momentum. In terms of
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Figure 2: The dominant virtual QCD corrections. The “blobs” correspond to the sum of all virtual
corrections to the basic @ — QgV Compton amplitude and are given more explicitly in figure E
The first diagram and the second pair of diagrams in each line form gauge invariant subsets.

the Compton amplitude of eq. (2.J) the A3 are then given by

As(1q,34,a4:20,b9) = MB(p1,D3, Pa13; €3, h(PoTp, P272)),
A3(29,34,00; 14, ag) = MBp(p2, 3, Py23; €3, M(PaTa, P171))- (2.5)

The gQ — qGQH subprocess is obtained by crossing the initial state quark ¢(p,) with
the final state gluon in eq. (.4) and dropping the s-channel graphs which result from
crossing the diagrams in the second line of figure [|. The 3-parton matrix elements M3
have been computed using the helicity amplitude method of ref. [R3].

The real emission corrections to VBF Hjjj production consist of four subprocess
classes with four final state partons. These classes are (a) ¢Q — ¢QggH, (b) ¢Q —
qQq'7H, (c) gQ — qqQgH, and (d) g9 — qgQQH. The generalization to the crossed
processes with ¢ — g and/or Q — Q@ is straightforward.

The above subprocesses lead to soft and collinear singularities when integrated over
the phase space of the final state partons. We use the Catani-Seymour dipole subtraction
method to regulate these divergences [R4 and to cancel them against those originating
from the virtual corrections. The virtual corrections can be divided into two classes of
gauge covariant subsets. The first class (depicted in figure P]) are graphs in which the
internal gluon propagator is attached to a single fermion line and which involve up to
box corrections. The second class (depicted in figure f]) are graphs in which the internal
gluon propagates between different fermion lines, i.e. they contain a t-channel gluon. These
graphs only play a role for subprocesses with two initial state quarks or anti-quarks. For
gluon initiated processes they only contribute to the interference of VBF and higgsstrahlung
diagrams, which we neglect. The interference of the hexagon and pentagon amplitudes
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Figure 3: Pentagon and hexagon diagrams for the color structure (51-11-(11%?23%. An analogous set

appears with the external gluon attached to the lower quark line. Note that hexagon graphs with a
three-gluon-vertex correspond to a color structure which cannot interfere with the Born amplitude.

with the Born amplitude is color suppressed by a factor dg = N? — 1 with respect to the
interference of box corrections with the Born amplitude. We neglect the contribution of
the hexagon and pentagon amplitudes. However, in doing so we must also consider the
color structure of the real corrections and drop contributions which cancel the infrared
singularities of the pentagons and hexagons.

As an example for these real emission processes, consider the matrix element for the
subprocess,

q(pa) + Qo) — q(p1) + Q(p2) + 9(p3) + g(pa) + H(P) (2.6)

depicted in figure f and denoted by My (14,29, 34,44, aq,bg). M4 has the following color
decomposition in terms of color subamplitudes, A and B,
Ma(1q,2q,3g,4g,aq,bq) = ("t )i1i,0izi,A(1g: 39, 4g, ag; 20, bq)

(% )i1i0 0120 AlLg, 49, 39, g5 2Q, bQ)
+ (%3t )i, 0iria A(20, 39, 49,003 14, aq) (2.7)
(% )i5000110A (20, 495 3¢, Qs 1g, aq)
+t(i113iatg24ib (1439, ag; 2Q, 44, bQ)
—I-tfl‘*iat?zSibB(lqu, aq:2Q,34,b0)-

The A terms correspond to both gluons attached to the same quark line, while B terms
describe emission of one gluon from each of the two quark lines. Abbreviating these am-
plitudes by

Ay = A(1q, 39,49, ag3 29, bq) , Az = A(1q, 44, 3¢, ag3 20, bq) ,
A3:A(2Q73g74g7bQ;1Q7aq)v A4:A(2Q74g73g7bQ;1q7aq) > (28)
By = 8(1473gyaq; 2Q7497 bQ) ) By = B(1q74g7 Qgq; 2Q7 3g7 bQ)a

the color summed squared matrix element can be written as

[Ma(Lq:2Q: 3¢, g, ag, bQ)|* = dECE { | AP+ | Ao + | As > + | Aa > +| B |+ Baf (2.9)
+2zRe [A1 A5+ AsAj]+ 2y Re [(A1+Ag)- (As+Ay) "+ B1 B3]}



with z =1—-Ca/20F = —1/(N? —1) and y = 1/dg = 1/(N? — 1), where the explicit value
is given for an SU(N) gauge group, with dg = N? — 1 and dr = N. The term in eq. (P.9)
which is proportional to y leads to a soft divergence when integrated over the phase space
of the soft/collinear parton, which is in fact canceled by the corresponding soft divergent
hexagon and pentagon graphs. Since we neglect the latter, for consistency, we also need
to set y = 0 in eq. (R.9). The association of the y-terms with the hexagon and pentagon
diagrams of figure [J is made clear when recognizing that these are all the contributions
where the same gluon is attached to both an upper and a lower quark line. The y-term and
the interference of hexagons and pentagons with the Born amplitude are not only color
suppressed by a factor 1/(N? — 1), they are further suppressed because the interfering
amplitudes are never large simultaneously when typical VBF cuts are applied. Consider,
for example, the By and By amplitudes in figure [l. By is large when ¢; and g3 are forward
(i.e. in the initial ¢, direction) and ¢ and g4 are backward, in the ¢, hemisphere. For Bj
to be large, ¢; and g4 must be forward while go and g3 are backwards. These conditions
cannot be satisfied simultaneously for a large rapidity separation between the highest pp
jets, which typically will be the two quark jets. The largest interference between B; and
By and, similarly, between A; + As and A3 + A4 is to be expected when both factors in
the interference terms have similar size, i.e. when both gluons are emitted in the central
region. For central gluons, however, all contributing amplitudes are suppressed due to the

gluon radiation pattern of the underlying ¢-channel weak boson exchange.

NLO ' which we make in

We have estimated the error on the total Hjjj cross section, Ao
neglecting the hexagon and pentagon topologies (shown in figure f]) and the corresponding
interference terms (y-terms) in eq. (R.9). Consider the dominant phase space region where
one gluon (say g3) is hard and the second one (g4) is soft. The soft emission can be
factorized as an eikonal factor, while the hard part of By and A; + Ay will be given by
the upper line of the Born diagram of figure [l], i.e. by A3(14, 34, aq; 20, bg). Analogously,
the hard factor in By and A3 + A4 is A3(2¢, 34,b0; 14, aq), corresponding to hard emission
from the lower quark line in figure . Approximately, in the soft region, the y-terms plus
the corresponding virtual corrections, given by the interference of hexagons and pentagons

with the Born amplitude, are proportional to the product

2 2
%%2 Re [A3(14, 39, aq; 20, 00) A3(2, 34, b@; 14, aq)"] (2.10)
integrated over the 3-parton phase space. In figure [, we compare the absolute value of this
proxy for the full interference terms (dotted blue curves) with the tree level cross section
(dashed red curve). Shown is the distribution in rapidity for the veto jet (lowest pp parton)
measured with respect to the center of the rapidity of the two tagging jets. In the right
panel of figure [, the ratio of the two distributions is shown. As a second estimator for
the neglected terms, we have calculated the full y-terms for the 4-parton final state and
soft approximations for the hexagons and pentagons, by keeping the infrared divergent
C-function terms only, according to the prescription of ref. [5]. For both contributions
the full Catani-Seymour subtraction has been implemented, with dipole terms as listed for
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Figure 4: Feynman graphs for the real emission amplitude M4(14,2¢, 34,44, aq,bg) as described

ineq. (R3)

y = 1/dg in table . The resulting curve for

dAUNLO (IU,R, ,U*F)/dyrel
dULO (NRv ,U*F)/dyrel

R(yrel) = (2.11)

is shown for up = pup = 40 GeV. The ratio, R, reaches a maximal value of ~ 1074
in the central region between the two tagging jets, in agreement with the result for the
proxy discussed above. We conclude that the y-terms and the corresponding hexagon and
pentagon contributions give a relative contribution below one permille everywhere in phase
space and can safely be neglected. We note that these interference terms are at the same
level as the interference between gluon fusion and vector boson fusion for pp — Hjjj.
In a complete calculation, not only would the hexagon and pentagon graphs need to be
calculated, gluon fusion contributions would have to be included as well.

In addition to the y-terms discussed above we also neglect any interference terms for
identical fermions in our simulations. These terms are color suppressed by a factor 1/N and
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Figure 5: The distribution in rapidity of the veto jet measured with respect to the center of rapidity
of the tagging jets. In the left panel, do/dy.c is shown at LO (dashed red), for the proxy given by
eq. (R.10) (dotted blue), and for the NLO color suppressed contribution in the soft approximation
(solid green). The right panel depicts the ratio, R, for both the proxy (dotted blue) and the NLO
color suppressed contribution (solid green).

real subprocess dipole factors
(1q7 2Q7 3g7 4g7 Qq, bQ) D14,37 D13,47 D34,17 D(1147 D%?,
y =0 in eq. (E9) D4, DY, DY, D5, DY°

Dos 3, Da3 4, Daa 2, Dby, Dhs
Dg47 Dl2747 Dg3, Dg47 ng

Yy = 1/dG in eq. (E) Da3,b7 Db3,a7 DGA’b, Db4,a7 D(214
DS, D3, D Doy 1, Diao

D4y, Dby, D33, D3, Dos 1, D132

(1q7 2Q7 3q’74t7’7 Qgq, bQ) D34,17 D31,27 D§4a DI§4
Dgl, DZI, 2)327 DZ2
(1q72Q73§’49’a97bQ) Dtllgvpglvpggvpgl

D(f4v Dg4v DI2)47 DI2)4
DYy, D5y, D143, Dsay
(1q72Q73§’4Q7a97bg) Dl2)47,DZ27D(1137D(311

Table 1: Dipole factors for the real emission corrections to Hjjj production. The y = 1/dg line
gives the additional dipole factors which are needed for the ¢QQ — qQggH process when the y terms
in eq. (E) are not neglected.

can only contribute when fermion helicities are the same. For charged current contributions
we have determined the size of these interference terms for 4-quark final states and have
compared them to the charged current contribution to the LO 3-jet cross section. We find a
relative contribution of 7.5-10~% within the cuts of section fJ: also these “Pauli interference
terms” are truly negligible. With these approximations, the fortran code for the real
emission matrix element squared was generated with the help of MadGraph [R4].

The 4-parton phase space integral of the squared real matrix elements suffers from



soft and collinear divergences. The dipole subtraction method of Catani and Seymour
provides a means to regulate these divergences [R4]. In the Catani-Seymour formalism the
NLO corrections consist of three pieces: (a) the contribution of the dipole subtracted real

corrections, 'O, (b) the contribution of the finite virtual corrections, o3

, and (c) a
piece resulting from the factorization of collinear singularities into the parton distribution
functions, aé\{gg. As an example, consider the process, gQQ — ¢QggH, in the y = 0 case in

eq. (B-9). The subtracted cross section for this process takes the form,

1 1
1
o1 "9 (qQ — qQggH) :/0 dwa/o Ao fo/p(as P) fQp(@b: 107) 57 A5 (Pa, 1) (2.12)

4
: {|M4(1q, 20+ 3¢, 49, 04, b0)*F" (p1, P2, P, P1; Pa + 1)

3 ~ -
- § § Dij,k(pl,m,p37p4;pa,pb)F§)(p1,---pij,pk,---m;pa,pb)
pairs k£i,j
2,7

3 ~ ~
-> [D?j(pl,m,ps,,m, Pas D) EY) (DL Bijy -, P13 Bas D)
pairs
4,3

+(a < b)]

. X i i
> > [Dz‘i’(pbm,m,ps;pa,pb)F§ YD1, Brs - D15 Pt D)
i ki

+a=b)|},

where the D;; j, etc. are the dipole factors as defined in ref. [B4], d®5 is the 5-particle phase
space measure and § = (p, +pp)? denotes the center-of-mass energy. A complete list of the
dipole factors in eq. (R.13) is shown in table [[. Notice, that we do not need to consider
dipole factors for which there is an initial state singularity with an initial state spectator
for the case of y = 0 because in this approximation radiative corrections to the upper and
the lower lines in figure [[] effectively decouple. We also show in table [ dipole factors for
quark-gluon and gluon-gluon initiated processes. The functions F}g) and F§4) define the jet
algorithm for 4-parton and 3-parton final states and must be infrared safe which formally
means that F54) — F}g) in any case where the 4-parton and 3-parton configurations are
kinematically degenerate.

The dipole factors are integrated in d = 4 — 2¢ space-time dimension over the phase
space of the soft/collinear parton. Integrating the dipole factors for the processes, ¢@QQ —
qQggH and qQ — qQq'q’H, lead to the universal singular factor, (I(¢)). For the parton

level process

q(pa) + Q) — q(p1) + Q(p2) + g(p3) + H(P), (2.13)

we can split (I(e)) into two pieces according to,

(I(e)) = Cr (Z1(e) + Ia(e)) - (2.14)



Z1(e) is a piece proportional to the Born-level color subamplitude squared,
|A3(14, 34, aq; 20, bg)|?, and is

)|2a8(:u2R) 1
2r I'(1—¢)

1 /[ 4mus\€ A2\ [ C
Ao ((ZER) 4 (R A4Vt EK,
2 513 Sa3 62 €
1C A2\ € A\ € A2\ [ C
_|___A ’uR + ﬂ —92 ﬂ _5_’_&4_%1_’_[{(1
2CF 513 543 Sal € €

A2\ © A2\ [ C
2((55) + (58) ) (F+2emrm))
Sal Sp2 € €

11(6) = |A3(1l17397aq;2Q7bQ (215)

with 3 11 2
—ZC — 04— ZTRrN 2.16
Yo =50 V9= Ca— gTrNy, (2.16)
and,
7T w2 67 72 10
K,=(«-2)op, K, =(X_-1)o,—=TpN;. 2.17
e (2 6> B By (18 6) AT g TR (2.17)

Here s;; = 2p; - pj with i = 1,2,3,a or b. T = 1/2, C4 = N, and Cp = (N? —1)/(2N)
in SU(NV) gauge theory. The number of flavors is Ny = 5. Zy(e) is obtained from Z(e)
by interchanging the quark labels, a +» b and 1 <+ 2. The 1/¢? and 1/e divergences cancel
against the virtual corrections shown in figure .

In our approximation there are two distinct color structures that contribute to this
virtual matrix element, M},’irt(lq, 20,34, aq,bq), with three final state colored partons,

Mgirt(lqv 29, 397 Qq; bQ) = Agirt(lq’ 39’ aq;2q, bQ)éiQibt?fia (2'18)
+A§1rt(2Q7 397 bQ7 1q7 aq)éiliat?;ib N
The interference between the virtual and Born three parton amplitudes takes on the fol-
lowing form upon summing over final state colors and averaging over initial state colors,

Z 2 Re[M‘éirtM;] = CF (2 Re[‘Agirt(lm 397 aq? 2Q7 bQ)A§(147 397 aq§ 2Q7 bQ)] (219)
colors

+ 2 Re[A‘éirt(QQv 3g7 bQ; 147af1)"4§(2@73g7 bQ; 147 aq)]) .

We split the virtual corrections shown in figure f} into two classes: the virtual corrections
along a quark line with only one weak boson attached and the virtual corrections along a
quark line with a gluon and a weak boson attached. The former, with only a weak boson
vertex, are factorizable in terms of the tree-level current h#* defined by eq. (R-4). For vertex
corrections to the lower line one has

drpt\ 1 2 3
3 — pH QS(NR) 1397 e 9 9.9
it (Db T, P2T2) (poTy, P272) CF—— o ) TO o\ 2 - 8] ,(2.20)

and similarly for vertex corrections to the upper line. Here up is the renormalization scale,
and sy = 2py, - po is the weak boson virtuality for massless quarks.

— 10 —
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Figure 6: The one-loop QCD corrections for ¢ — qgV'.

The second class of diagrams, corresponding to the “blob” in figure J] and shown
explicitly in figure [, are the virtual QCD corrections to the Feynman graphs where a
gluon g and an electroweak boson V' ( outgoing momenta ¢; and ¢2) are attached to the
same fermion line. The kinematics is given by

Q(k1) — Q(k2) + g(q1) + V(ga), (2.21)

where k% = k% = q% = 0 and momentum conservation reads k; = ks 4+ g2 + ¢1. As in
ref. [27], it is convenient to use the Mandelstam variables for a 2 — 2 process which is

— 11 —



taken to be gg — gV. The Mandelstam variables are thus defined as

s= (k1 — k2)? = (@1 + q2)°,
t= (k1 —q1)* = (k2 + @)%, (2.22)
u=(kr — q2)* = (k2 + @)*.

The gluon polarization denoted by €1(q;) is transverse, i.e. €; - g1 = 0 and this permits
simplifications in the virtual amplitudes. The electroweak boson V' is always virtual in the
calculation. Its effective polarization vector e (ga) corresponds to the tree level fermion cur-
rent h*. Due to the emission of the Higgs boson off the t-channel vector boson propagator,
this fermion current is not conserved. Hence, terms with €5 -go must be kept. However, elec-
troweak gauge invariance of the amplitude is preserved, i.e., M, ¢y = 0. We have computed
the virtual amplitude in the conventional dimensional regularization scheme (CDR) and
used Passarino-Veltman reduction in d = 4— 2¢ spacetime dimensions to reduce tensor loop
integrals into scalar loop integrals [B§]. The virtual amplitude My = My (ka, q1, g2; €1, €2)

for Q(k1) — Q(k2)g(q1)V (g2) is
e () () (53) e
o () () -2 () ) (-5 )

4 2\ € 2
w2 (ER) (-G - 2) 4 e —tmu) - o050k

+Mvv,

where

7)o () - ()
F(—s,—t,—u) = — [In* | - )| + In" | — — —(Cqy —2Cp)In* | — 2.24
3 —s 1 ) —u —t
2(Ca—20m) <_) n (—TRN __cA> (m <_> o <_>>
> M) T3 1”3 1”3
The finite part MVV = Mv(kg, q1, q2; €1, €2) is given by
N 2
My = SR (g, (2.29
T
1 Vi) fvie)
N\ OF—5Ca {ME (k2, q1, go; €1, €2) + M7 (k2, q1, gos €1, €2) }
1~
- §C’AM§3)(1€2,Q1,Q2;61762)} :
Results for physical kinematic regions can be obtained through the analytic continuation
of eq. (R.23) by the replacement of the time-like invariant by s — s + 0%, t — t + 40T,

or u — u + 0", The im factors which result from the analytic continuation vanish upon
interfering the virtual amplitude with the Born amplitude. The analytic continuation for
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any double logarithms is dealt with automatically by the fortran code for the finite part
of the virtual amplitude My given by eq. (.25).

The M( D for i = 1,2, 3 are finite and can be expressed in terms of the finite parts of
the Passarino-Veltman, By, Cp, and D;; functions, which we denote as Bo, Co, and Dw
i)

Analytic expressions for the Mg are given in appendix [A]

We can build the virtual color subamplitudes of eq. (R.1§) out of the two classes of
virtual corrections discussed above. The virtual color subamplitudes are then

A (14,34, 04520, b0) = MB(p1, 3, Pa13; €3, hyirt (PbTs, P272))

+ My (p1, p3, Pa13; €3, h(ppTh, P272)) (2.26)
AY™(20,34,b0; 14, ag) = Mp(p2, p3, Pb23; €35 hyirt (PaTa, P171))
+ My (p2, p3, Py23; €3, M(PaTa, P171))- (2.27)
For the following we adopt the following abbreviations,
A31a = A3(1y, 3¢, a5 20, bg), Az 26 = A3(20, 34, b0; 14, aq) (2.28)

Agjig AVlrt(lqa 397 aq§ 2@7 bQ)? 'Agjgg - ‘AVlrt(2Q7 397 bQ; 1‘17 a"l)'

The color decomposed interference of the Born and virtual subamplitudes is then,

- ) 2 1
2 virt g* _ “ 2 Qs (:uR)
Z Re[As,laA?,,la] | A31a] 27 T(1—e)

TR () (2 -)
. — - It + L 173 _2__
2 513 Sa3 € €
LLCa ((Amup " Ak, (4R (_Cr %
2CF 5923 543 Sal e €
9 477,1@% 6_1_ 47?;&5 ¢ ﬁ_ﬁ
Sal Sb2 €2 €

2
— %CA — 16CF + F(Sq1, Sas3, 813)}

colors

+2 Re[-’zgirt(lqv 397 Aq; 2@? bQ)Ag,la] ) (2'29)

with .Zg’irt(lq,?)g,aqﬂQ,bQ) = Mvv(pl,pg,palg;63,h(prb,p27'2)). A similar expression for
2 Re[Agjgg 3.25] is obtained by making the replacements, a < b and 1 « 2, in eq. (2.29).

Summing together the contributions from eq. (R.15) and eq. (P.29) yields the finite
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3-parton NLO cross section

1 1
oy (qQ — qQgH) :/0 dwa/o dxy fo/p(Tas r) fo 1p (20, 1F)
1
><2—§d<1>4(pa,pb)F§3)(p1,p2,p3,P;pa,pb) (2.30)

as (2
'{’MB(LZ’ 2Q7397QQ7 bQ)’2 <1 + #Kborn>

as(u3)C
+|As(1g, 34, aq; 20, bQ)F%F(sala 543, 513)

PM

+|A3(2¢, 34, bg; 14, aq) o F(sp2, sp3, 523)

+CF (2 Re[jgirt(1q7 397 Qgq; 2Q7 bQ)A§(1Q7 397 Qq; 2@7 bQ)]

+ 2 Re["z(‘éirt(2Q7 397 bQ; 1Q7aq)-’4§(2@73g7 bQ; 1117 aq)]) }7
with

22 50 16
Kborn = <_% + §> CA - ?TRNf + 2CF (2 - 7Tz) . (231)

The remaining divergent piece of the integral of the dipole factors in eq. (R.12) is
proportional to the P and P97 splitting functions and is factorized into the parton dis-
tribution functions. The surviving finite collinear terms are given by

1 1

1

oyt (aQ — qQgH) = / dzg / d:cb%d%(pa,pb)F§3)(p1,p2,p3;pa,pb)
0 0

A S asp(@ar 10 £330 @0, 1, 1) + £y (a1, 1212) Fo p (05 10))

'|M3(1Q72Q739;ame)|2

1
5. Catap(a; i) S5y, (0 1. ir) = G5, (2 op, 1m))
'|~’43(2Q7397bQ; 1f17aq)|2

1 a
+§C'A(f§’/’l;($a;uF7uR) — I, (@as irs 1R)) fp(@s, pr) (2.32)
"A3(1q73g7aq52Q7bQ)’2}7

and similarly for the anti-quark initiated processes. Here the quark functions
fy(@ i, pr) are given by
1
g (o _ aslur) [ dz L. ij
fq/p(x,,up,,uR) - o /x > {fg/p(zaluF) qu(z)
x y
o fap (Zs1) = 2ol or)| By (2) (2.33)
z i As\UR i
thue (B )} 4 2B g i) D ),
with kernels
o 2p:p;(1 —
Abi(z) = Tg[2? + (1 - 2)%]In M + TR22(1 — 2). (2.34)
Hpz
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ofLO(Mz)  alO(My) My My GF mp,
0.118 0.130 91.188 GeV 80.416 GeV 1.16639 x 10_5/G6V2 120 GeV

Table 2: Standard Model input parameters

y 2 2pipi(1—2) v 1
Byj(2) = In == - = 2.
qq(Z) CF _1—Zn M% Cil—Z , ( 35)
Cid(z) = Cp |—(1+ z)In 222 (2 2 _ Inz+(1— z)] , (2.36)
L 152 1—=z
i\j [27° i i
Disd(x) = Cr % —5— g— - g— In(1 - z) + (1 — 2) (2.37)
+§ln pzpj—l—an(l—aj)ln pzpj].
2 HE My

where if parton ¢ is a gluon, C; = C4 and if parton 7 is a quark or anti-quark, C; = Cp.
Likewise, ; = 4 if parton ¢ is a quark or anti-quark and v; = v, if parton ¢ is a gluon.
The analogous results for gluon initiated processes are given in appendix [B.

We have implemented the QCD corrections for pp — Hjj7 into a fully flexible parton-
level Monte Carlo program. We have checked the dipole subtraction by verifying that
the dipole subtraction terms and the real emission matrix elements match in the various
singular regions. The gauge invariance of the virtual matrix elements has been checked
numerically for random choices of momenta. The finite collinear counter-terms that re-
main after the factorization of initial-state collinear divergences have been obtained by two
independent calculations. We have also introduced a cut, a € (0, 1], on the phase space of
the dipoles as described in ref. 29]. We have checked that the integrated cross section is
independent of this parameter and have used « = 0.3 in our simulations.

In all subsequent calculations we use the input parameters for defining Standard Model
(SM) couplings as listed in table . Other SM couplings are computed using LO electroweak
relations. Cross sections are computed using CTEQ6M parton distributions [BJ] for all
NLO results and CTEQ6L1 parton distributions for all leading order cross sections. The
running of the strong coupling is evaluated at two-loop order, with as(Mz) = 0.118, for all
NLO results. For LO results, the running of the strong coupling is evaluated at one-loop
with ag(Mz) = 0.130. In order to reconstruct jets from the final-state partons, the kp
algorithm [B1] as described in ref. [B] is used, with resolution parameter D = 0.8.

3. Predictions for the LHC

The goal of our calculation is a precise prediction of the LHC cross section for Higgs boson
production in VBF with three or more jets. The kr algorithm is used to define jets and
these jets are required to have

prj > 20 GeV | ly;| <4.5. (3.1)

Here y; denotes the rapidity of the (massive) jet momentum which is reconstructed as the
four-vector sum of massless partons of pseudorapidity |n| < 5.
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At LO, there are exactly three massless final state partons. At NLO these jets may
be composed of two partons (recombination effect) or four well-separated partons may be
encountered, of which at least three satisfy the cuts of eq. (B.1)) and would give rise to either
three or four-jet events. As with LHC data, a choice needs to be made for selecting the
tagging jets in such a multijet situation. Here the “pp-method” is chosen. For a given event,
the tagging jets are defined as the two jets with the highest transverse momentum with

pfﬁf > 30 GeV, \y;ag\ < 4.5. (3.2)

The non-tagging jets by default are jets of lowest transverse momenta. They do not need
to satisfy the cuts of eq. (B.9) but must satisfy the cuts of eq. (B.1)).

The Higgs boson decay products (generically called “leptons” in the following) are
required to fall between the two tagging jets in rapidity and they should be well observable.
While the exact criteria for the Higgs decay products will depend on the channel considered,
such specific requirements here are substituted by generating isotropic Higgs boson decay
into two massless “leptons” (which represent 777~ or v final states) and requiring

pre>20 GeV, | <25, AR >06, (3.3)

where AR;j, denotes the jet-lepton separation in the rapidity-azimuthal angle plane. In
addition, the two “leptons” are required to fall between the two tagging jets in rapidity:

P4 0.6 <, <y, — 0.6 (3.4)

yj,min 7,max

Note that no reduction due to branching ratios for specific final states has been included
in the calculation.

Backgrounds to vector-boson fusion are significantly suppressed by requiring a large
rapidity separation for the two tagging jets. Tagging jets are required to reside in opposite
detector hemispheres with

tag 1 tag 2
; Y; <0 (3.5)
and to have a large rapidity separation of
tag 1 tag 2
Ayji =y "~y 7 >4, (3.6)

sometimes called “rapidity gap cut”. QCD backgrounds for the Higgs signal typically occur
at small invariant masses, due to a the dominance of gluons at small Feynman z in the

incoming protons [§]. The QCD backgrounds can be reduced by imposing a lower bound

on the invariant mass of the tagging jets of

2
mj; = \/ <p;ag Lpe 2) > 600 GeV. (3.7)

The cross section for Higgs production via VBF in association with three jets or more
(Hjjj), within the cuts of eqs. (B.1)-(B.7), is shown in figure [ The scale dependence of
the NLO and LO cross sections is shown for factorization and renormalization scales, up
and pp, which are tied to a fixed reference scale pg = 40 GeV,

R = ERrHo, pwr = Erpto- (3.8)
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Figure 7: Scale dependence of the total cross section at LO and NLO within the cuts of egs. @I),
(B-7) for VBF Hjjj production at the LHC. The factorization scale ur and the renormalization
scale ugr are taken as multiples, {ug, of the fixed reference scale g = 40 GeV. The NLO curves
are for ur = pup = uo (solid red line), pp = po and pr = uo (dashed green line), and pr = Euo
and pg = &uo (dot-dashed blue line ). The dotted black curve shows the scale dependence of the
LO cross section for pr = pr = &po.

The value pg = 40 GeV was chosen to minimize the scale dependence of the NLO
predictions and at the same time it provides optimal agreement of the LO approximation
with the NLO result.

The LO cross section depends on both the factorization and renormalization scale. For
ur = pr = &up with 0.5 < & < 2 the scale variation is +26% to —19% for the LO cross
section. The large scale variation is primarily due the fact that the LO Hjjj production
cross section is proportional to ag. This is in contrast to Hjj production in VBF, which
only depends on the factorization scale at LO. At NLO three choices are shown: (a)
Er = &p = &€ (solid red line); (b) €g = &, & = 1 (dashed green line); (c) Ep = 1, &p =&
(dot-dashed blue line). Allowing for a factor 2 variation in either direction, i.e., considering
the range 0.5 < & < 2, the NLO cross section changes by less than 5% in all cases.

Our Monte Carlo program allows the analysis of arbitrary infrared and collinear safe
distributions with NLO QCD accuracy. In order to assess the impact of the NLO corrections
we compare LO and NLO results by plotting the dynamical K factor

doyO(ur = pr = po)/dzx
dok®(pr = pr = po)/dx

K(z) = (3.9)

for our fixed reference scale of g = 40 GeV. The stability of the results is represented via
the scale dependence, given by the ratio of cross sections and dubbed “relative change” in
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Figure 8: Rapidity separation in Hjjj production within the cuts of eqgs. (@)f(@) and eq. @)
In the left panel, do/dAy;; is shown at LO (dashed green) and NLO (solid red) for pr = pg =
o = 40 GeV. The right-hand panel depicts the K factor (solid green) and scale variations of LO
(dotted) and NLO (dashed) results for ug = pp = {uo with £ =1/2 and 2.
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Figure 9: Transverse momentum distribution for the softer tagging jet in Hjjj production within
the cuts of eqs. (B1])~(B.7). The meaning of the curves is the same as in figure f.

the following,

dos(pur = pr = o) /dx

dos(ur = prp = po)/dx

We plot results for £ =1/2 and 2 with pg = 40 GeV for NLO and LO distributions.
The wide separation in rapidity of the tagging jets is a characteristic feature of VBF

processes. In the left-hand panel of figure § the distribution do/ dAy;; is shown at LO

(dashed green) and at NLO (solid red) for Hjjj production. Just as in the NLO Hjj

case [[9], the NLO corrections push the peak towards higher values of rapidity separation

Ay;;. This strengthens the case for the rapidity gap cut of Ay;; > 4. The K factor

relative change = (3.10)

— 18 —



|||||||||||||||||||||| 1-4|||||| L T T 1 T
0.15— ‘ — r N
= [ B -
L i o - _
8 B | %" 12— .- —
L 0.10 — _ o -~ ¢=0.5 solid: K—factor T
Qa L | o = dots: LO ]
:'L i ] 'g - dashes: NLO —
= el - .
E B ] % 10+~~~ —
o - . bt = — e T T T~ ~ - 3
} 0.05 — — - g
el o - m-. =2 -
L = 08— Tl ]
OAOO"JJ"l""|""|""|" T||||||||||||||||||_

0 500 1000 1500 2000 500 1000 1500 2000
my[GeV] m;[GeV]

Figure 10: Invariant mass distribution of the two tagging jets in Hjjj production within the cuts
of eqs. (B)~(B.5) and eq. (B.6). The meaning of the curves is the same as in figure f

(solid green) in the right-hand-side of figure § is strongly phase space dependent. The scale
variations ¢ = 2%! are significantly reduced by the NLO corrections, from ~ 25% at LO to
~ 10% or less at NLO in the relevant region 4 < Ay;; < 7. Similar results are found for
the transverse momentum distribution of the tagging jets as shown in figure [g.

In figure [[( the invariant mass distribution of the two tagging jets is shown for a fixed
value of renormalization and factorization scale, ur = pp = 40 GeV. The K factor (solid
green) deviates from unity by 10% or less for this distribution and this scale choice, i.e. the
LO result provides for an excellent estimate. The ¢ = 2F!
in the LO distribution of about 30%, however (dotted lines). This uncertainty is reduced
to the 5% level at NLO (dashed curves).

When contemplating a central jet veto for the VBF signal, the probability for observing
three (or more) jets in the final state becomes crucial. With the two leading jets defined
as tagging jets, one would like to know this probability for emitting additional jets as a
function of tagging jet distributions. It is given by the 3-jet ratio R = o3/09, which we

scale variations produce changes

define for arbitrary distributions as

do_éLO,NLO}(

RUONLO} () — 175 KR pF)/dz (3.11)
doy P (pr = pr = my)/dx
For both NLO and LO 3-jet ratios, the distribution for Higgs plus two jet production in
the denominator is computed to NLO accuracy since this provides the most accurate cross
section estimate. For these Hjj distributions, the NLO parton-level Monte Carlo program
described in [I9] is used with renormalization scale and factorization scale set to the mass
of the Higgs boson, mj,. The numerator corresponds to the analogous distribution for Higgs
plus three jet inclusive events (VBF Hjjj production) for which we explore LO and NLO

predictions and different scale choices.
Let us start by considering the scale variations of the 3-jet ratio as a function of the ra-

pidity separation of the tagging jets, x = Ayj;, (in figure [[]) and of the invariant mass, x =
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Figure 11: The rapidity separation of two tagging jets for m; = 120 GeV within the cuts of
eqs. (B1)-(B.9) and eq. (B-7). In the left panel, do/dAy;; is shown at NLO (solid histograms) and
LO (dashed histograms) for Hjj and Hjjj production with a fixed scale ugr = prp = 40 GeV. In
the right panel, 3-jet ratios, R(Ay;,) are shown at LO (dashed) and at NLO (solid) for ur = pur =
20,40, and 80 GeV.
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Figure 12: The dijet invariant mass of two tagging jets for m;, = 120 GeV within the cuts of
eqs. (B-1)-(B.6). The meaning of the curves is the same as in figure [[1.

myj, of the two tagging jets (in figure [[J). The left-hand panels show the distributions for
2-jet inclusive and 3-jet inclusive events as predicted at LO (dashed histograms) and NLO
(solid histograms) for a fixed scale ugr = pup = 40 GeV. The right-hand panels then give
the corresponding 3-jet ratios for three choices of scales, ur = pr = 20,40, and 80 GeV.
The 3-jet ratio decreases with increasing rapidity separation of the tagging jets. This is
largely a kinematic effect: additional radiation in VBF events is mostly emitted outside the
rapidity range set by the two tagging jets. Thus, the available phase space for additional
jets diminishes rapidly as Ay;; increases. While typical 3-jet ratios are around 0.2, the
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LO ratio R*9(Ay;;) (dashed curves) reaches values up to 0.7 at low values of Ay;;. The
corresponding NLO ratio is significantly lower, around 0.4. The reason is that at NLO the
separation of the tagging jets increases somewhat. When normalizing to the NLO Hjj
cross section R“© is enhanced in the Ay;; = 3 region, where cross sections are very small
due to the m;; > 600 GeV cut. There is no such effect for RNLO | One also notices that
for higher values of Ay;; the scale dependence decreases, becoming insignificant at NLO
in the phase space region with typical VBF cuts (Ay;; > 4).

Similar threshold effects appear in the m;; distributions of figure [12: large scale vari-
ations at NLO are confined to the low m;; region with negligible cross section due to the
cuts. The 3-jet ratios decrease somewhat at large values of the dijet invariant mass. How-
ever, the effect is not as strong as in the Ay;; distribution. Particularly striking is the
reduction of the scale uncertainty when going from R"C (x 30%) to RN© (5 to 10%).

Veto jets are typically defined to be non-tagging jets that reside in the rapidity region
between the tagging jets. In addition to the cuts of egs. (B.1])—(B.7), we employ the following
definition for the veto jets,

veto

Vi 1 2
Pr° > Prweto,  YC € (y§ag Y ) : (3.12)

For 4-jet events it is possible to identify two veto jets. In this case, we order the veto jets
according to their transverse momentum with p‘j’?jto > p‘j’?jto 2. In the following we take
PTweto = 20 GeV unless stated otherwise.

On the left-hand-side of figure [ the rapidity distribution, do/dy,c;, of the highest
pr veto jet is shown. Here the rapidity is measured with respect to the average rapidity

of the tagging jets,
e = 530 — (578 4 2) /2. (3.13)

The two histograms correspond to the LO (dashed green) and NLO (solid red) distributions
at a scale ug = up = 40 GeV. The suppression of jet activity in the center, near ¥, = 0,
is even more pronounced at NLO than at LO, i.e. the higher order corrections strengthen
the rapidity gap features of VBF events. This is reflected by the K factor (solid line
in right-side panel of figure [[J) which is greater than one for |y.q| > 2 and is less than
one in the central region between the tagging jets. The right-hand-side of the figure also
shows the scale variations for & = 2*! relative to the ¢ = 1 case: the scale dependence is
significantly reduced at NLO (dashed curves) and remains largest in the regions of small
cross section. In the vicinity of 7, = 0 the NLO result varies between —20% and +7%
down from a LO variation of —20% to +24%. In the large cross section regions, near
Yrel = 12, the scale variations at NLO are a few percent only, a drastic improvement from
the LO situation. This small scale dependence in the large cross section region will be
reflected in small QCD uncertainties at NLO for jet veto probabilities.

The effect is clearly visible in figure [14 where the transverse momentum distribution
for the highest pr veto jet is shown for pur = urp = 40 GeV at LO (dashed green) and NLO
(solid red). The scale variations are largest at high p}oj‘?", but even at a value of 80 GeV the

NLO results for ¢ = 2*! (dashed curves) deviate from the £ = 1 case by only —3% to +10%.
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Figure 13: The distribution in rapidity of the highest pr veto jet with the cuts of egs. (B.1))-(B.7)
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Figure 14: Same as figure E but for the distribution in the transverse momentum, p}cjm, of the
highest pr veto jet.

At LO (dotted) these scale variations are —22% to +31%. The K factor (solid green) is
close to one but decreases monotonically, i.e. at NLO the veto jet becomes slightly softer.

Figure [[§ shows the effect of the veto cuts defined by eq. (B.IZ) on the tagging jet
invariant mass distribution. Both LO and NLO 3-jet ratios are reduced compared to
figure [l due to the restricted rapidity range of eq. (B.19) for the veto jets. Figure [if
depicts the distribution in rapidity separation of the tagging jets with veto cuts. Again,
the 3-jet ratios are reduced. However, one also finds a significant shape change of the Ay;;
dependence: the fairly steep decrease of the 3-jet ratio with increasing Ay;; becomes much
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Figure 15: The invariant mass distribution of the two tagging jets for m; = 120 GeV within the

cuts of eqs. (B.1)-(B.9), eq. (B.4) and eq. (B.19). In the left panel, do/dm;; is shown at NLO (solid)
and LO (dashed) for Hjj and for Hjjj production at ug = ur = 40 GeV. In the right panel, the
corresponding 3-jet ratios, RY©(m;;) (dashed) and RNVO(m;;) (solid) are shown for the same scale
choice.
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Figure 16: Same as figure @ but for the rapidity separation of the two tagging jets and within

the cuts of eqs. (B1))-(B.5), eq. (B.7), and eq. (B.19).

less pronounced at NLO.
In figure [[7 we show the probability for finding a veto jet,

1 > veto dO’g
Pveto - P(pT,veto) - “NLO dej d voto (314)

0-2 PT,veto ij
as a function of the minimum transverse momentum of the hardest veto jet, pr yeto. The
scale variations at LO for the absolute veto probability are on the order of up to +£3%. The
NLO corrections reduce this scale dependence to below the 1% level, i.e. to a negligible
uncertainty. When imposing a central jet veto, the accepted VBF Higgs production cross
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Figure 17: Ratio of the 3-jet cross section to the NLO 2-jet cross section for VBF, Pyeto = ag/ogfLO.
The dashed curves depict LO ratios and solid curves depict NLO ratios for the following scale choices:
ur = pr =20 GeV (red), pr = pr = 40 GeV (green), and pur = pr = 80 GeV (blue).

section is given by
oo(veto) = (1 — Pyeto)02- (3.15)

Since, at NLO, Pyto is only about 10% for a veto jet pp threshold of 20 GeV (and lower for
harder thresholds) the perturbative uncertainty on the SM prediction for the Higgs cross
section due to a central jet veto is of order 1% only at NLO and hence negligible compared
to expected statistical errors [d].

4. Discussion and conclusions

In this paper we have presented the dominant QCD corrections for Higgs production via
vector-boson fusion in association with three jets. The calculations are implemented in the
form of a parton-level Monte Carlo program which allows to analyze arbitrary collinear
and infrared safe distributions with NLO QCD accuracy.

Our calculation involves several approximations which significantly reduce the com-
plexity of the virtual corrections. Since we are only interested in phase space regions where
vector boson fusion processes can be distinguished from QCD backgrounds, we neglect
contributions which are small once typical VBF cuts, in particular wide tagging jet sepa-
rations and large tagging jet invariant masses, are imposed. Identical fermion interference
effects are small after VBF cuts and we have also estimated the contribution from ¢-channel
gluon exchange in virtual diagrams (and related real emission diagrams) to be well below
one permille over the entire phase space relevant for VBF production. Neglecting these
small contributions, the QCD 1-loop corrections involve only a single quark line and are
similar in complexity to dijet production in DIS [BJ], i.e. they require the calculation of
box diagrams as the most complex ingredient.

— 24 —



One reason for the smallness of the t-channel gluon contributions is that they are color
suppressed, by a factor of 1/(N% —1) in an SU(N) gauge theory, and this feature is generic
since gluon colors need to be correlated to match the color singlet exchange nature of the
tree level VBF process. In addition, we find very strong kinematical suppression factors in
our analysis of the t-channel gluon contributions which can be traced to the characteristic
gluon radiation pattern in VBF events. It is this kinematical suppression which renders the
t-channel gluon contributions truly negligible. It would be interesting to find out, whether
this kinematical suppression persists at higher orders.

In our phenomenological analysis for the LHC we find that additional jet activity
between the tagging jets in VBF Higgs production events is even more strongly suppressed
once NLO QCD corrections are included: K factors go down to 0.7 for jet emission at
the center between the two tagging jets. This strengthens the case for a central jet veto
as a background suppression tool. Requiring the absence of any additional jet activity
of prj > 20GeV between the the tagging jets we find veto probabilities for the signal
of Pyeto ~ 10% from this perturbative QCD source. Our NLO QCD predictions for the
veto probability show small residual scale variations, indicating a relative error on Pieto
due to higher order effects of 10% or less. This implies that the survival probability
Pyrv = 1 — Pyeto can be determined with a perturbative QCD uncertainty of about 1%,
which is more than sufficient for Higgs coupling determinations at the LHC [fl].

Beyond the additional jet activity from perturbative QCD radiation, which we have
analyzed in this paper, additional central jets in VBF events will arise from multiple parton
scattering (i.e. the underlying event) and from pile-up in high luminosity running. For
small veto thresholds pr ,eto, the contributions from these sources may be as large as
the perturbative effects which we have considered and need to be estimated independently.
However, these additional contributions should be independent of the hard scattering event
and can, hence, be determined from other LHC data, in particular by measuring the jet
activity in other VBF processes. What will be needed on the theoretical side, is a precise
calculation of the perturbative contribution to the veto probability for these other VBF
processes, similar to the calculation described in this paper.
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A. Virtual corrections

In this appendix, we give the expressions for the finite, reduced amplitudes, /\7&” that
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appear in eq. (R.29) in terms of Eo, 50, and l~),~j functions. Here Eo, 50, and l~),~j denote

the finite parts of the Passarino-Veltman By, Cp, and D;; functions [R§, and are given
explicity below. We write

MWD (ky, q1, @251, €2) = D(ka){cM (dh — o) + e+ Vs

+cldb (o + do)h } Prib(kr) (A.1)
M (ky, q1, g5 €1, €2) = D(k){c? (h — o) + 1 + ¢
) (o + d o} Prp(kr) (A-2)
and,
MO (ko qr, q2; €1, €2) = D(ka){cl? (‘11 &) + i +c§3)¢ (4.3)

+ei? (Wh (o +d e + & (Do Bz + do)éh } P (kr)

where €1 = €1(q1) and €3 = €2(g2) are the effective polarization vectors for the gluon and

weak boson. The coefficient functions, c(] ) ,with j =1,2,3 and i = b, ¢, 1,2 are given below.
2
M = Box{" - 2 BtO(t) - Ble.D (A4)
Bo(t) — Bo(g3
Cgl) = BOXgl) + 2 Eg'k‘QTE(q%,t) -2 €2 Q2[ 0( z q2O(QQ)] (A5)
— 43
cgl) = Boxgl) +2 € - k1T:(0,t) (A.6)
cgl) = Boxgl) (A.7)
R 2
¢ = Box(?) - 210l Tlda.v) (A38)
Bo(u) — Bo(q3
c§2) = Box§2) +2 e ki Te(q5,u) +2 € q2[ O(UZ q20(q2)] (A.9)
— 4
A = BoxP +2 € - ko T (0, ) (A.10)
6512) = Boxg2) (A.11)
tcl® (1) = tBox\? — 2(tCo(t) + 1) + Bo(t) + Th(g3,t) (A.12)
uel? (u) = uBox{® — 2(uCy(u) + 1) + Bo(u) + Ty (g3, u) (A.13)
/3 _ D (2
cg?’) = Boxgg) — 2¢9-koT.(q5,1) + 2€2 - 2 ! qB;O(qQ)] (A.14)
2
Bo(u) — Bo(q3
u— q;
2, ~ 2, ~
¥ = Box{Y + Z(tCo(t) + Der - by + = (uCo(u) + Der - ky (A.15)
CL(I?’) = Box[(;’) (A.16)
The T; functions are explicitly listed below.
1 - ~ ~
Ty(q% t) = m{qu[Bo(t) — Bo(q®)] + tBo(t)
—*Bo(¢*)} — 24°Co(¢, 1) (A.17)
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T 1) = 1 {Bol0) - Bola?) 2o 1 2B(¢?) + 1 - 22 Cola? 0} (419
T,(0,¢) = %(2&0@) +1) (A.19)
T3,(0,) = Bo(t) (A.20)

Here the coefficients, Box ,for j =1,2,3 and i = b,q,1,2 are expressed in terms of the
Passarino-Veltman D” functlons The Box coefficients with D” = D,](ql,kg,qg) are
listed below.

Boxl()g)

_ 3 - 5~ _ _ _ _
<6D27 + §Doqg + §D12Q§ — D13g5 — 3Da3g5 + Doags — 2D2505
_ 1~ _ 5~ _ _ _
—|—4D26q§ + §D0t + 3Dq1t — §D12t + Doit — Doyt + 4Dost
_ 3 - _ 9~ _ _
—4D26t — §D0u — Dllu — §D12u + 4D13u + D21u
—5Doqu + 4[)25u> /2 (A.21)
BOX(g) = —ﬁ2761 €9 — 21531161 * €9 + 21531361 €9 — 8151261 . k262-k2
+8D13€1 - koea-ko — 4Doseq - koea-ko — 8Dayeq - koea-ka + 12Doge€q - kaea-ka
_ _ 3~ 3~
—4Dsgeq - kaea-ko + 4Dsgeq - kaea-ko + §D061 “qe2-ko + §D1261 - qoea-ko
+4Dg3e) - qaea-ky — 8Dagse€) - qaea-ka + 4Dggeq - qaer - ky — 4D31€1 - gaea-ky
- 3~ 19 ~ -
+4D3g€1 - gaea-ka — §D061 ~koex - q1 — 7D12€1 ~koea - q1 + 8D13€1 - koea - 1
—12Doyeq - koes - q1 4 8Daser - koea - q1 4+ 4Doger - kaea - q1 4+ 4Ds1oer - ke - 1
—4D34e1 - koeg - q1 +4Daz€1 - qaea - 1 — 4Das€1 - qaea - 1 — 4D35€1 - qae2 - 1
- 3~ 11 ~ -
+4D37€1 - qo€2 - q1 — §D061 ~kaea - g2 — 7D12€1 - koea - g2 + 4D13€1 - kaea - @2
+8Dy3e; - ke - gz — 4Doger - koey - g2 — 4Doger - ken - g — 4D310€1 - koen - g
+4D3g€q - koea - g2 + 4Da3€q - qoeg - Q2 —4Das€1 - qa€a - qo + 4D33€1 - qae€a - G2

~ 1~ 1~
—4D37er1 - qoea - Q2——D1261 €205 + D1361 €2q5 + D2361 €243)

1~

—§D24€1 €2q5 — Ds1o€1 - €2q3 — Daser - €2q3 + Darer - €2q3
~ ~ 3~ 1~

+D3sge€q - 62(]% — Doeq - €9t — §D1161 - €9t + §D1261 - €gt
1~ 1~ ~ ~

—§D21€1 - €9t + §D2461 - €9t + D319€1 - €ot — D3geq - €ot
~ ~ 11 ~ 3~

+D3sreq - €9t — D3geq - €at — ?Dllel - €2U + §D1261 - €U
- 1~ - 3~

—D13€1 - eou + §D2161 - ot + Daseq - equ + §D2461 - €21

—252561 s €U — ﬁgﬁﬁl s €U — ﬁ31051 - €U + 53461 * €U
—Dsse1 - e2u+ Dygey - eu (A.22)
BOng) = 24Dgrey-kg + 20D310€2-ko + 22Dazes - q1 + 20D31162 - ¢
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+12Dy7e3 - g2 + 20D313€5 - g — 4152362'/?2(15 + 4152662'192(]%
+2Dsgea-kaqs — 2D3gea-kags + Dises - q1qs — Dises - 1G5
—3Dases - q1G5 + Dosea - 1q5 + 2Dages - 1G5 + 2D310€2 - q145
—2D37€3 - 1G5 — 2Dases - q2q3 + 2Doges - 23 — 2D33€s - G2q3

_ 3~ 3 - _
+2D39€2 - q2q3 + §D0€2'1€2t + §D12€2'k‘2t +4Dq3€- kot
+2525€2'k‘2t + 2152662'143215 + 2]531062-]{7275 — 253862-1{7275
+2Dgey - qit +3D11€y - qit — Diges - qit + 4D1zeq - qut
+Dajeg - it — Dogea - qit + 6Dasen - 1t — 2Doges - it
—2Ds310€2 - it + 2D35€a - it + 4D13€2 - gat + 4Dazen - ot
+2Dos5€9 - gat — 2Dggea - qot + 2D37¢€2 - gt — 2D3g€9 - ot

3~ 7~ - -
+§D0€2'k72u + §D1262 “kou — 2D13€9-kou + 2Dg9€e9-kou
—252462'k‘2u + 252562']@2’& — 2ﬁ26€2'k2u + 21531062']@2’&

_ 3 - _ 5~
—2D3ge2-kou + §D062 “quu+ Diiea - quu + §D1262 Cqu
—2D13€3 - q1u — Darég - qru+ Dogey - qru — 2Dsges - qru

_ 3 - 3~ _
+2D35€2 - qru + §D0€2 “qou + §D12€2 “qou — 2D93€2 - qou
+2Dygez - qau — 2D310€2 - qau + 2D37es - qru (A.23)

5 - _ _ _

BOXg ) = —12Do7€1 - ko — 4D312€1 - ko — 6Da7er - g2 — 4D313€1 - g2
—3Dqey - kags — TD1oeq - kogs 4 2D13€1 - kags — 2Daoer - kaga
+6Dagze1 - kags — 2Doger - kags + 4Doser - kags — 8Dager - kags

_ _ 3 5~
—2D3g¢1 - kags + 2Dsger - kagh — §D061 q2q5 — §D1261 Q2G5
—Dize - qags + 3Daser - qaqs — Dajer - Q25 + 2Dos€1 - 23

_ _ _ 3
—6Dager - q2q3 + 2D3zer - q2q3 — 2D3ger - g2qs + §D061 - kot

_ 11 ~ _ _

—4D1161 . kgt + 7D1261 . kgt — 2D2161 . kzt + 2D2261 . kgt

—6Dasey - kot + 6Daogey - kot — 2Ds10€1 - kot + 2Dsger - kot
1 - 5~ -

—§D0€1 ~qot — 3D11€1 - qot + §D12€1 ~qot — Doyeq - gat

+Dyger - got — 6Doser - gat + 6Dogey - gat — 2Ds37eq - got

- 7~ 23 ~ -
4+2Ds3g€7 - got + §D061 - kou + 7D1261 - kou — 6Dq3€1 - kou

—2Dagy€1 - kyu + 2Dggey - kau + 10Dogeq - kou — 6Dasey - kou

—252661 - kou — 2ﬁ31061 - kou + 2ﬁ3661 - kou + 2ﬁ061 - ol

—131161 " q2u + 5151261 CqQu — 52161 Cqu — 252361 T q2u

+3Dayer - qau + 2Dager - gau + 2D310€1 - gau — 2Dgrer - gou (A.24)
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The Box coefficients with ﬁij = l~?,~j(k:2, q2,q1) are listed below.

BOXgl) = —€1 - q1[~8Da7 — 8D319 — (D11 — Dyg + D13 — 4Dgg + 4D4)2 + D115 — Dias
+D13s — 4Dy + 4Doys + D1yt — Dygt 4 Dt — 4Dgot + 4Doyt]
+eg - q1[8Dar+8D313+ (D11 — D12+ D13 — 4Dy +4Day) g3 — D11t —3Dyat
+3D13t—4Doyt +4Dogt] —e2-ko[16 D31y —24 D319 — (D1 — D1o+ D13 +4Dos
—4Dyg—8D319—4D3y —4D34+4Ds5+8Dsg+4Dsg) g2 +5D115—5D1as
+l~?133+4l~?213—4524s+4l~?253—45263—8ﬁ3103+4l~)353+41~?383—4151215
+4 D15t +4Dgst —8 Doyt +8Dast — A Dogt — 4 D519t — A D5t
+4Ds5t 4 4Dsgt] (A.25)
BOXS) = €1 - ko[8D311 — 24D313 — (D11 + 3Dz — 3D13 — 4Dgy + 8Day — 4Das + 4D31g
—4537—4538 +4l~?39)q%—5113+l~?123—55133—8ﬁg53+41~?263—41~)37s
+4D395+A4D1 ot — 4Dy 5t —4Dogt+4 Doyt — ADost +4Dogt +4Dg19t —4Dgrt]
—€1 - @2[8D27 —8D3194+24D313+ (D11 +3D19—3D 13— 4Dgy +8Doy —4Dos
+4D319—4D37—4D3g+4Ds39) g3+ D115 — D1as+5D135+8Dass —4Dagss
4 D375 —4Ds9s — Dyt —TDyat+7D13t +4Dogt —8 Doyt +4Dost —4 D3t
+4Ds7t] (A.26)
Box\") = 8D312¢1 - 2 — 8D313¢1 - €2 + 8D12€1 - kaea-ka — 8Dy3er - kaez ko
+121~?2461 - koeg ko — 1252561 - koeg-ko + 4ﬁ3461 - ko€g ko — 4ﬁ3561 - koeg ko
+D1yey - qrea-ky + TD1gey - quea-ky — TDizer - qaea-ka 4 4Dagger - qaea-ko
+8Daser - goea-ky — ADaseq - qaea-ka — 8Doger - qaea ko — 4Ds10€1 - gaea-ky
+4Dsg€; - gaea-ka — Direy - kaes - g1 + Diser - kaea - g1 — Dizer - kaea - qu
~4Dygeq - ke - q1 — 4Daser - kaea - 1 + 8Dager - kaea - qi + 4Ds10€1 - kaea - @i
—A4Dsze; - kaes - q1 — 4Dazer - qaea - 1 + 4Dager - gaea - g1 + 4Dsger - qaca - 1
~4Dyge1 - qoea - q1 — Diver - kaer - qu + 5Dizer - kaer - g1 — 5Dizer - kaer - g1
+8Daser - koer - qi — 4Daser - koer - q1 — 4Dager - kaer - q1 — 4Ds10€1 - kaer - 1
+4Dsger - kaer - q1 + 4D1seq - qoer - q1 — AD13€1 - goer - g1 + 8Doser - goer -
~8Doger - gaer - q1 + AD3aer - goer - g1 — 4D3ser - qoer - g1 — 4Ds10€1 - €203

—2D3z€1 - €23 + 2D3ge1 - €243 + 2Dszer - €2g3 + 4Dsger - €2 g}
1
2
—2Do5€1 - €98 + 2Dogeq - €95 + 2D310€1 - €95 — 2D37€1 - €28

_ _ 1~ 1~
—2Dsg¢1 - €2q3 — = Di1€y - €25 + §D12€1 €25 — §D13€1 - €25

—253861 - €98 + 2ﬁ3961 - €28 — 252261 - €t — 252361 - €gt
+4526€1 - el + 41531061 - €9t — 253661 - €9t — 253761 - €t (A27)
1 ~ ~ ~ ~ ~ ~ ~ ~ ~
Box\" = —4Dy;—12D315+12D313+4D310¢3+2 D323 —2Dssq3 —2Ds7q3 — ADss g3 +2Dso 3

—2508 — 5118 — 5128 + 5138 + 25258 — 25268 — 2153108 + 215378 + 25388
—25398 + 2ﬁ22t + 2523t — 4ﬁ26t — 4ﬁ310t + 2ﬁ36t + 2ﬁ37t (A28)

— 929 —



The Box coefficients with ﬁij = l~),~j(k:2, q1, q2) are listed below.

BOX?) = —€ - q1[8Da7 — 8Dy + 24D313 — 4(Dag — Daog + Dag — D3o)qs + D115 — Dias
+51~?133+81~)25s—4l~)263+41~?373—45393—511u—7l~?12u+7l~?13u+41~923u
~8Dagqu+4Dgsu—4D310u+4Ds7u] — €5 - qa[8 Doy +16 D313 —4(Daz — Dag+ Das
—539)(]5+4l~)133+4l~3233+41~?25s—4l~?gﬁs+4l~)37s—4l~?393—1~)11u—3512u
+3D13u+8Dogu—4Dggu—4Dggu—4Ds1gu-+4Dsru] — €3-ko[-8 D311 +24 D313
—~(D11 — D1g+ D134+4Dgs —4Dog +4D33—4D39) g3 + D115 — D1gs+5D13s
—|—81~)25s—452684—415378—415393—4512u+4513u+4523u—4ﬁg4u+4l§25u
—4Dogu—4D310u+4Ds37u] (A.29)

Boxgz) = —¢€; - qg[—8527 — 815313 + (l~?11 + 31512 — 3513 + 4524 — 4ﬁ26)u]

—€1 - ko[16D31; — 24D319 + (D11 4 3D12 — 3D13 — 4Do3 + 4Dy + 4Ds31g
—4D37—4Dsg +4l~)39)q§+51~?113—515123+1~)133+41~?21s—4ﬁg4s+4l~)g5s
—4Dggs—8D3105+4Ds55+4Dsgs — 4D1gu-+4D13u+4 Doyt —8Dagu+8 Doz
—4Dggu—4D3z10u—4D3qu+4Dssu+4Dsgu (A.30)

Boxl(f) = —41327 — 125312 + 1215313 — 2533q§ — 2ﬁ38q% + 41339q% — 21308 — 5118 — 5128

+l~?133 + 25253 — 215263 — 253103 + 215373 + 25383 — 215393 + 2l~)ggu + 2l~)ggu

—4Dygu — 4D319u 4 2Ds3gu + 2Ds7u (A.31)

Boxg2) = —8ﬁ31261 €9 + 8ﬁ31361 - €9 — 8ﬁ1261 - koeg-ko + 8ﬁ1361 - koeg ko

—1252461 - ko€g ko + 12ﬁ2561 - koeg ko — 4ﬁ3461 - koeg-ko + 4ﬁ3561 - koeg ko

+Di1€r - goea-ky — Diger - gaea-ka + Diger - qrea-ko + 4Doger - qaea ko

+4Dos¢€1 - gaea-ky — 8Dager - qaea-ka — 4D310€1 - qoea ko + 4Dsrer - gaea-ky

—Diyer - kaeg - 1 — TDygey - ko€ - qu + TDigeq - kaea - g1 — 4Dagey - kaen - q

—8Doye1 - koeg - q1 + 4Daseq - kaea - q1 + 8Doger - kaen - g1 + 4Ds10€1 - kaea - @1

—4Dsge1 - kaea - g1 + 4Dager - gaea - g1 — ADager - qoea - 1 — ADsger - gaea - qu

+4Dsg¢€1 - gaea - q1 — Diver - kaea - ga — 3Diser - koea - go + 3Diser - koez - o

+8Daseq - kaea - g2 — 4Daser - kaea - g2 — 4Dager - kaea - go — 4Ds10€1 - kaea - g

+4Dsz€1 - koes - qo + 4Dager - gaea - go — ADager - qaea - g2 + 4D3zer - qoea - o

—4Dsgey - ez - g2 — 2Dsse1 - €203 — 2Dsger - €2q3 + 4Dsger - €243

1~ 1~ 1~ -
+§D1161 €28 — §D12€1 €28+ §D13€1 €25+ 2Do5€7 - €25

—2]52661 © €28 — 2531061 - €28 + 2153761 - €98 + 253861 - €28
—2]53961 - €98 + 252261 c €U + 2152361 c €U — 452661 c€2U
—41331061 - €U + 2133661 - €U + 253761 * €U (A32)

In the above expressions, the finite ﬁij functions are obtained by standard Passarino-
Veltman recursion relations [ from the finite parts of the basic scalar integrals. For
the virtual corrections considered, only the one-mass box [B4, By, is needed. Specifi-
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cally, we need the case in which k¥ = k3 = ¢ = 0 and ¢5 # 0. Here k; and ¢; with
i = 1,2 are the external four momenta. The one-mass box in the unphysical region,
—s>0,—t>0,—q§ > 0 is,

dk 1
Dotz 20) = | S R e e (A5

— 7 (W2)T(L+ )

21 21 —q5 —s —t =
KES+ = |n(—2)-In(— )-In(— ) |+Do(k 9]
{st62+st6[n<ﬂ2> n<u2> n<u2>]+ oz et (E)}’
where,

Do(k )—i12_—3+12_—t—12_—qg (A.34)
o(k2, g2, 1) = 5 |07 { 5 )+ 107 5 ) = I { 5 :

_ _ 2 2 2
() s () mony (1) oy (1-%2) ]
112 112 t s 3

The Mandelstam variables, s and t, are defined in eq. (R.29).

For the present application, the invariant, q% is always space-like while the Mandelstam
invariants, s and t, may either be time-like or space-like. Results for physical kinematic
regions can be obtained by analytic continuation by replacing the time-like invariant by
t—t+i0T or s — s+i0T.

In addition, to the one-mass box, we also require expressions for the 3-point and 2-point
scalar integrals in d = 4 — 2¢ space-time dimensions. For the 3-point scalar integral,

d’k 1
w2 [—k2 — i0F][—(k + p1)? — i07]
y 1
[—(k + p1 + p2)? — 0]’

%M%MHMWZ/

(A.35)

two cases are needed. Here p; and py represent the external outward flowing four momenta.
(a) For the two-mass triangle, either, p? = 0 or p3 = 0 and p3 = (p1 + p2)? # 0.
Co(pt,0,p3) = 7~ (u*)T(1 +¢) (A.36)
{5 () = (F55))
—P3 — P71 K K €

+ Covh. ) + 0()}

~ 1 1 —p? —i0T —p2 —i0T
G a2:____Q§(4__)_w(;L__ A3T
O(pl p3) 9 _p% — p% Iug Iug ( )

(b) For the one-mass triangle, p? = p3 = 0 and p% = (p1 + p2)? # 0.

—€ —€ 11
Col0.0.58) = 7 () T+ { = 5 (A.38)
3
1 —p2—i0t\ 1 =~
- 1n< p3ﬂ2 >E+C'o(p§)+(9(e)}
3
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~ | 11 —p2 —i0*
Co(p3) = T T2 T T2 In* (73 ) (A.39)
The scalar 2-point integral is

d?k 1
) = | e a (440

— )T+ ) |1+ Ble?) +0(0)

with
_q2 —i0t

EO(qz) =2-In Iug

(A.41)

B. Cross section formulas

In this appendix we give cross section formulas for processes of the type,

9(pa) + Q(py) — q(p1) + q(ps) + Q(p2) + H(P). (B.1)

Results for the crossed process q(pa) + Q(py) — q(p1) + Q(p2) + g(p3) + H(P) were al-
ready given in section Bl The finite three parton NLO cross section that results from the
cancellation of the 1/e? and 1/e poles of the virtual corrections with those of the insertion
operator, I(e), is

1 1
N1(9Q = a7QI) = [ e [ dasfypln.ue) asplen ir) (B.2)

1
X %d%(pa, pb)Fﬁg) (p1,P2, 3, Py Paypp)

ag (12
: Z {’M3(1q72Q73q7a97bQ)’2 <1+% (Kborn+F(31373a373al))>

colors
+2 Re[ﬂ‘éirt(lm 2Q7 3177 Qg, bQ)M§(147 2Q7 3177 Qg, bQ)]} )
with
Mgirt(lqv 2Q7 3(77 Qg, bQ) = tcaéiligﬂ‘/(plv —Pa,Pal3; €a, h(pb7b7p27—2)) . (B3)
The Born level matrix element squared is

~ CrN

> IMs(1y, 20,34, a4,00) > = m’A3(1q7agv3q§2Q7bQ)’2 (B.4)
colors
with
As(1q, a4,3520,bq) = MB(P1, —Pas Pa13; €a, M(PyTh, P272)) - (B.5)
The finite collinear contribution is
T3l (9Q — qqQH) = /Old:va /01 dwb%d%(pa,pb)F}g)(pl,m,ps;pa,pb) (B.6)
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' {fg/p(fﬂa;MF)fé’fp(wb;uF,uR)

1 a a
+3 <fgl;p(xa; [F, 1R) + f;’}p(wa;ﬂF,uR)> fap(@y; up)}

CrN
: W\Aﬂlqa%’?’q;%ab@)e
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i,a . _ as(lu’R) Ydz La La Abo
fg/p('xaa,ufFaﬂR) - T ma? Zq: |:fq/p <77NF> +f¢j/p <77MF)} qg(z)
La i,
[ Fom (Ssmr) = 2fyplaa i) By (2) (B.7)
La 1,0 aS(NR) . 1,a
+ fg/p <7;NF) ng (Z)} + o fg/p(xaa,uF)Dgg (‘Ta)y
with kernels,
i 1+ (1—2)%2, 2papi(1—2)
Ayl (2) = Cr [ . In 12z +z (B.8)
: 2 . 2ppi(1—2) 3 1
BH(5) = 1 - Z B.
sy (%) CA[l—zn 12 21—z’ (B:9)
ia 1—2z 2papi(1 — 2) 1
Cog(2) = 204 [<7—1+z(1—z)> In 12 —1_Zlnz ,  (B.10)
i 2 ali 2 ali
Dgi(z) = 2C4In(1 — x)In p2p +741n p2p
HE HE
212 50
+Cy <% -3 +1In%(1 — x)) (B.11)
16 3 3
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